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Abstract

Theconstrainpprogrammingparadigmhasprovedto have the

flexibility andefficiency necessarto treatwell-definedarge-

scaleoptimisation(LSCO) problems.Mary realworld prob-

lems,however, areill-defined,incomplete or have uncertain
data.Researclonill-defined LSCO problemshascentredon

modellingthe uncertaintiedy approximatinghe stateof the

realworld, with no guaranteasaresultthatthe actualprob-

lemis beingsolved. We focushereon ill-defined data,moti-

vatedby problemsrom enegy tradingandcomputemnetwork

optimisation,whereno probability distribution is knowvn or

canbeusefully obtained We suggest non-probabilisticer-

tainty closule approacho modelthedatauncertaintydiscuss
the formalism and semanticsrequiredto build a constraint
solvingsystemrbasen suchacomputatiordomain,andgive

examplesin the caseof linearsystems.

Intr oduction

Uncertaintycanarisefrom mary sourcesin therealworld,
we find dynamicervironments over-constrainegroblems,
and partial or incompletedata. The difficulties of a large-
scalecombinatorialoptimisation(LSCO) problemare cor-
respondinglygreaterwhentheproblemis ill-defined.

Fourfactorscharacterisanoptimisationproblemandun-
certaintymayfeaturein ary of them:theinput(or data),the
constraintsthe decisioncriteria, andconsequentlythe out-
put (or solution). Someaspectdhave beenexaminedin the
literature:

¢ dynamicervironments(new or changingconstraintsan-
ticipatedchanges){Dechter& Dechter1988;Wallace&
Freuderl999;Fowler & Brown 2000)

e over-constrainegroblems(hardandsoft constraintsde-
cision criteria): (Schi, Famier, & Verfaillie 1995;
Dubois,Fargier, & Prade1996)

¢ probabilisticmodelsanddata(incompleteor inconsistent
information): (Tahal997;Famgier & Lang1993)

The constrainprogramming(CP) paradigmhasbeenex-
tendedto addresghe first two of theseareas,whereashe
third — going back even to Dantzig (1955) — hasbeen
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more traditionally the realm of operationalresearcHOR).
Interestin uncertaintywithin CP hasbeengrowing recently
(ShazeelLittman, & Keim1999;Walsh2000),but therehas
remainedittle work on datauncertainty

Genetet.al. (1999)describea speculatie constraintop-
timisationprojectin enegy trading. Dueto pendingmarket
deregyulationandin conjunctionwith otherill-defined prob-
lem elementstherewasno reasonablgrobability distribu-
tion that could be forecastfor the dataparametersinstead,
aniterative prototypingapproactusingsimulationwasem-
ployed.

In network managementy contrastall the datamay be
availablein theory but may be too costly and voluminous
to collectin practice. Moreover, the data(such as traffic
flow througharouter)fluctuatesconstantlyandto sampleat
all pointsat oneinstantwould be prohibitive (bearin mind
clock drift betweerrouters). Combinedwith the effects of
droppedpaclets and other dynamic events, the datamay
be expectedto be inconsistenty the time it is collected.
It is of commercialinterestto malke decisionsto optimise
the network (Genet & Roddsek2000), but we mustdo so
basednincompleteandinconsistentnformationfor which
no stochastiaescriptionis apparent.

Ben-Haim (1999, Section5) outlinesthe needfor robust
seismicreliability in the designof buildingsin earthquak
zones. Here, a stochastiadefinition of reliability, in terms
of minimising probability of failure, is of little value, for
the“information is muchtoo scantyto verify a probabilistic
model”. Instead,corvex modelling hasbeensuccessfully
appliedto guarante¢heintegrity of the building.

Thesemotivatingproblemsfrom therealworld exemplify
thatwe facepotentiallythemostdifficult of thefour typesof
datacharacterisedh Figurel: dynamic,non-deterministic
data. Harderstill, thereis no stochasticcharacterisation
available. It is clearly inadequatdo addresshis situation
in CP eitherby ignoring the uncertaindataor by assuming
thedeterministiccase.

The experienceof traditional OR helps little, on the
whole. The approachto uncertaindata (Hoffman 2000;
Liu 2000) hasbeenlargely to reduceto the deterministic
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Figurel: Classificatiorof data

caseandperformsimulation,or to attacha probability dis-
tribution, perhapslerivedby forecastingrom pastdata,and
considerrisk andutility factors.In robustoptimisation for
instanceyariancemeasuresr expectedutilities areused;in
stodastic optimisation penaltiesbasedon expectedfeasi-
bility of scenariosin fuzzyprogramming(SenguptaPal, &
Chakraborty2001), constraintand hencedata)and goals
are modelled as fuzzy sets, but now the set membership
functionsareassumedknown.

All of theseapproacheeely ona priori knowledgeor em-
pirical estimationof somekind of probability distribution
for the data, or of someother stochasticdescriptionof it.
Further rationality of the decisionmaker is assumed.Not
in every situation,aswe have seen,aretheserequirements
meaningfulor evenfeasible.

The needfor a robust, non-probabilisticalternatve has
beenrecognisedn OR (Ben-Tal & Nemirovski 1999;Ben-
Haim 1999). As Hoffman (2000)writes, “We hopethat fu-
tureresearchwill alsoaddresgin additionto incorporating
risk] theissueof how to incorporate .. datafor whicheven
the meanvalueis not known and for which one only has
rangeestimate®f its value’

In the following sections,we shall speakof uncertainty
to meandatauncertainty We introducethe conceptof the
certaintyclosureandapplythe methodologyto a casestudy
arisingfrom our motivationalproblems. We thenplacethe
work in awider context andanticipatefuture steps.

The Certainty Closure

We give a definition of the certainty closure and intro-
ducethe semanticandalgorithmicconcernghat follow for
data uncertaintyin constraintprogramming. The idea is
to enclosethe uncertaintyand so be able to solve anill-
definedproblemwithoutapproximatiorviasomemathemat-
ical model. Thuswe guarantedhat the actual problemis
beingsolvedandthatthe solutionsfoundarerobust.

Data uncertaintyis reflectedas uncertaintyin the coef-
ficients of the constraints. We supposehere that all the
constraintsare hard and static and that the problemis not
over-constrained;such issueshave been consideredelse-
where (for example, (Schie, Famgier, & Verfaillie 1995)).
An introductionto CPmaybefoundin (Marriott & Stucley
1998).

Definition 1 An uncertainconstraintsatisfiction problem
{(V,D,C) is a standad CSPin which the coeficientsin the
constmaintsC mayrange, notnecessarilyndependentlyover
anuncertaintyseti/.

It is unknavn which valuesin the uncertaintysetthe data
mighttake, but it is necessaryn every casethatno solution
to theresultinghardconstraintde excluded. This motivates
thedefinitionof the certaintyclosure:

Definition 2 The certainty closure of an uncertain con-
straint satisfactionproblem(V, D, C) isthe CSP(V, D, ("),
whete C' is derivedfrom C asfollows. For each constaint
C e C, let CY bethe0 < k < oo possibleconstaints

resultingfrom C as the coeficientsin C vary over the un-

certainty setof their domains.Let C' = \/¥_, C'V bethe

disjunctionof the C(¥)., ThenletC' betheconjunctionof the
constaints C’, withoutlossof geneality with repeatecand
trivially redundantconstaintsremaoed.

That is, the constraintsin C' are the generalisationof
thosein C to hold underall possiblerealisationsf thedata.
We write p to denotethe certaintyclosuremapping:

(v,p,C) % (v,D,C")

We give below anextendedexamplein theform of acase
study Theideacanbeseerin thetransformatiorof thesim-
ple uncertainconstraintX > [20,30] underp to X > 20

(where[X, X] denotesarealinterval). Satisactionof thelat-
terconstrainguaranteesatishictionof theformer, nomatter
whatthetruevalueof the data.

It might be objectedthatthis is the worst caseand over-
emphasisepessimisticcombinationsof datavalues. In re-
ply, we assumgmotivatedas discussedpnly that all ele-
mentsof I/ arepossiblewe have noinformationasto lik eli-
hood. Further randomvalueswithin &/ canbealmostasbad
asthe mostdifficult values(Ben-Tal & Nemirovski 2000).

The certaintyclosureallows robustinferenceon the orig-
inal problemin the sensehatthe domainsresultingfor the
variablesaresure: valid whatever therealisationof the data
within the uncertaintyset. The nev CSPwill be satisfiable
provided the original is satisfiablefor someelementof U/:
thesystemX > [20,30] A X < [20, 25] neednot be satisfi-
able,for example whereasts certaintlyclosurewill be.

Note we do not assumethat i/ is the direct productof
the domainsof the coeficientsof C: the valuesfor the data
may be dependentThis s in contrasto probabilisticmod-
els,whereindependencef dataparameterss nearlyalways
required.

The distinction must be made betweenthe natural do-
mainsof the variablesy andthe constraintor calculusdo-
main which is reachedby applying the certainty closure.
Theformeris the domainwith which the userinteractsand
overwhich constraintareapplied;thelatteris how we rep-
resentheinferencesandcalculatewith surety andis hidden
from theuser Thedifferentlevelsareportrayedn Figure?2.

The solutionof anuncertainCSPis derived from its cer
tainty closuresuchthatall possiblesolutionsto the original
CSParecontainedwithin. This means,n generalthatthe
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decisionvariableswill take a setof possiblevaluesrather
thanbeinstantiatedo onevalue— but thedomainsthatre-
sultaresureandcorrect.

In enhancinghe CP paradigmto copewith uncertainty
we do not at the calculuslevel assumehe rationality of the
decisionmaler. Ratherthanproposingasingleinstantiation,
precludingall others,we returnall possiblesolutions. This
contrastawith thefundamentahssumptiorof rationality of-
tenmadein probabilisticapproaches.

The type of constraintsfound in the enegy trading and
network optimisationproblemsof the Introductionareprin-
cipally linear. Motivatedby this, considerthe caseof data
uncertaintyin alinearproblem formalisedasaninterval lin-
earsystem(ILS), asdefinedbelow. We follow the notation
of Neumaier(1990), exceptto usebold font to denotean
interval quantity

Definition 3 Let V be a set of n variablesover R, and
C be a setof m linear constaints (equalitiesor inequal-
ities) for V. Writing eac constaint in normal form, let
A € R™*™ bethe matrix of left-handsides,andb € R™
be the vector of right-hand sides. Let R be the list of m
relations(or constmint symbols),onefor eat constaint;
R"L € {<’S)=)Z)>}v Vi= 1)--')m-

Thenan interval linear systeminducedby C onV is a
tuple (A,R,b), whee A € IR™ ™ is an interval matrix

[A,Alwith A € A, andb € TR™ is anintervalvector[b, b]
withb € b.

For example theILS givenby

[-2,2] [1,2] (3,4]
A=[[-2-11 -1 ] andb= ([5,5])
6 3,3] (4,15]

< =)T hasthe solutionsetX (A, b), shovnin

andR = (£, =,
Figure3, whichis givenby therays2X +Y = 3, 6X+3Y =

15,2X — Y = =5 and12X + 3Y = §, andthe points:
xY)e {043,532,

(3,0, (2,-%),(3,0}.

Hencethe solution setis non-corvex andthe interval hull
OX (A, b), thesmallesthyperboxenclosinghe solutionset,
is unbounded.

The above formulationis very general. Following (Ben-
Tal & Nemirovski 1999),we do notimposewhat form the
uncertaintysetmight take. Two commonchoices from the
field of robustcomputationareintervalsandellipsoids

An interval (strictly, a closed non-emptyboundedin-
terval) given by lower and upper boundsis the simplest
descriptionof an uncertainvalue, and the propertiesand
usesof interval computationare well-known (Alefeld &
Herzbeger1983). Ellipsoids,while morecomplicatedhan
intervals,arisenaturallyin problemsin engineeringAn el-
lipsoid can capturedependeng information betweenvari-
ablesand normally-distrituted measuremengrror, and el-
lipsoidal computationis a little easierthaninterval compu-
tation due to the compactparametricrepresentatiorof an
ellipsoid (Kreinovich etal. 1998).

A naturalextensionto aninterval is amulti-interval, afi-
nite union of intervals. This allows usto specify not only
the boundson X, but alsowhich valuesin [X,X] areim-
possible. Unfortunately becausecorvexity is lost, multi-
intervals make computationtoo difficult (Kreinovich et al.
1998,Chapter24).

We will make useof intervals for threereasons. First,
they describawell the uncertaintyin the motivationalLSCO
problemswhich have uncoupleddataknown only to be be-
tweenlowerandupperbounds.Secondlibrariesfor interval
computationareavailablein CLP systems.Third, intervals
give easeof intuition.

In the next section,intervals are usedto give a demon-
strationof certaintyclosureappliedto a tractablesubclass
of uncertainiinearsystems.
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Figure3: Solutionset



CaseStudy: Positive Orthant
Interval Linear Systems

Linear constraints,and systemswhich can be readily lin-
earisedaresufiicientto modelmary (althoughfarfrom all)
importantreal-world problems. A casein point is that of
network optimisation. The difficulty hereis notin the con-
straints,which largely form a linear flow model,but in the
data,which is incomplete. The uncertainmodel variables
arenon-ngjative realswhich may be assumedndependent,
thusmotivatingthe sequel.

Definition 4 A positive orthantinterval linear systemis an
interval linear systemn which the natural domainof eat
variable, dom(V), V € V, is non-ngative Thus,the solu-
tion setlies within the positiveorthantof R™.

An exampleis the systemshawvn earlierin Figure3, if we
imposeX,Y > 0. Suchasystem(A,R,b) is tractable,un-
likethegenerakcase becauséhe solutionsetin the positive
orthantdenoted™ (A,b), =X (A,b) N RY},is corvex.?

However, to avoid an exponentialgrowth in the number
of facesof the closureto a single constraint,we imposea
restriction(¥) on equalityconstraints:

Vi=1,...,m, if R = (=) and0 € A n,then
ﬁ(,f\i>0/\bi>o) A ﬁ(,f\i<0/\bi<o)

whereA; denoteshe vector (Ai1,...,Ain_1) Of length
n— 1. Notethattheintervalsthroughoutandthesolutionset
itself maybeunbounded.

The condition (%) is sufficientto admitthata pair of hy-
perplanesoundthe spacedescribedn the positive orthant
by anuncertairequalityconstraint While notrestrictve, the
conditionmay be wealer thanit appearsfor in certaincir-
cumstancethe matrix A canbe written in a suitableform,
by pre-conditioningor transformation. The unsymmetric
natureof (%) is explainedby its geometricinterpretation,
namelywe have choseroneaxisnormale,, as‘up’, andour
conceptof ‘lessthan’and‘greaterthan’will bewith respect
to this direction.

The intuition behindthe methodis that eachinequality
givesrise to one halfspace(a line, in 2D), and the points
which correspondo feasiblesolutionsof all the constraints
are thosewhich lie within the intersectionof thesehalfs-
paces. This intersectionis guaranteedin the positive or-
thant)to be corvex, and (%) permitsequalitiesto be rewrit-
tenasa pair of inequalities.

Our motivational problemshave no uncertaintyin the
objective function, and to simplify the presentationwe
postponea discussionof optimisation under uncertainty
However, obsene that for an ILS with linear objective
max}_; ¢iX; (withoutlossof generality),uncertaintyin the
objectie is easily removed by addingthe additional con-
straint)_; ¢iXy > Z for anauxiliary variable Z and opti-
mising maxZ. This reduceghe problemto the main case.

2Thatis, the solutionsetis theintersectiorof halfspacespeci-
fied by the constraintsintersectedvith the positive orthant;the set
neednot otherwisdlie entirelywithin the positive orthantandthus
neednotbe convex (contrastAberth 1997)).

Wewill transformthesystem(A, R, b) toits certaintyclo-
sure,the system(A’,R’,b’). Figure4 givesthe algorithm
in outline;the detailsarediscussedbelow.

INPUT: ILS (A, R,b) aspartof aCSP(V, D, ()
OuTPUT: Boundsfor thevariablesn V
METHOD: 1. Checkfor suitableform

2. Rewrite equalities

3. Transformto certaintyclosure

4. Find convex hull

5. Deriveinterval hull

Figure4: Overview of algorithm

Stepsl and 2: Therequiredform is to have linear con-
straintswith interval uncertainty andto obey (%). Each
equalityconstrainttanbereplacedoy a pair of inequalities,
taking careto choosethe relationaloperatorscorrectly de-
pendingon the gradientwith respecto e, .

Step 3: The transformationp is given by replacingthe
matrix A andvectorb by non-intenal versionsasfollows.

Proposition5 The certainty closue of a positive orthant

interval linear systemL = (A,R,b) satisfying (%) is the

numericlinear inequality systemA’x < b’, whee A’ €

R™*m x € R™, andb’ € R™ are givenby thefollowing.
If 0 € Ai n,then((A');,b])is

(RuAii)

—(AuAun D) (> 2eR,

if {<v S}ERI)

whileif 0 ¢ A; n, then((A')i,b]) is

1

((2.81)
()by)

if {<,<}eRiandA;, >0,
if {<,<}eR;andA;, <0,

~ (Ab1) i (>, >}eRi andAi, >0,
- ((A)i,b_i) if {>, >}€R; andA;n < 0.

Proof Omitted.

Consideragainthe exampleof theprevioussection.From
theinitial system

—2,2] [1,2] 3,4]
A=|[-2—-1 -1 | andb= <[—5,5]>
6 5,3] [4,15]

andR = (<, =, =)', thetransformatiorto the certaintyclo-
sureyields

-2 1 4
-2 -1 5
Al=|1 1 | andb’'=] 5
—6 -3 4

6 3 15
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Figure5: Tight bounds

Hencethe positive orthantinterval hull is
Oz (A,b), = ([0, 31,00, 41),

andtheboundsderivedcanbeenseenin Figureb.

By this means,from a constraintproblemwith interval
uncertaindata,we obtaina certainconstraintproblem. By
inferenceon the transformedproblem(thatis, the certainty
closure), sure domainscan be found for the variables—
domainswvhichincludethevaluesthatariseundereverydata
realisation— andfor anILS, we give the inferenceexplic-
itly.

Steps4 and 5: Thecertaintyclosureof anILS is ahalfs-
pacedescriptionof a polytope.Theactionof the constraints
on the variable domainsis equivalentto the projection of
thecorvex hull of the polytopeontoeachaxis (Oettli 1965).
Geometricallywe seekboundsonthedualrepresentationf
the polytope,thatis, the boundsof its vertex form. In prac-
tice, we canuselinearprogrammingo find theinterval hull
directly.

For eachvariable X;, j = 1,...,n, solve two linear
programswhich differ only in their objectives, minX; and
maxXj, subjectto the constraintgyivenby the certaintyclo-
sure. With 2n applicationsof simplex we have tight, sure
bounds:

Proposition6 Let p(L) be the certainty closue of L de-
finedabove Theboundsobtainedon thedomainsD by the
methodgivenare the tightestcertain boundspossible and
canbecomputedn expectedime O (mn3).

Proof The transformationfrom L to p(L) can be done
in O(2mn) operations,and its correctnesgollows from
Propositions. Theconstraintsn p(L) arelinearandthe so-
lution spaceof their conjunctionintersectedvith thepositive
orthantis a corvex polytope,possiblyunboundedAberth
1997). This polytopeis the corvex hull = (A, b), by con-
struction,and projectingonto eachnormal e; immediately
givestheinterval hull. The boundsso obtainedaretight to
the solutionsetsincethe maximumand minimum possible
value of eachvariableare found by the simplex iterations.
The projectioncanbe donewith 2n iterations,at expected
cost®(3mn?) each. []

This providesboundsfor the naturaldomainsof the vari-
ables. It may well be that not every value in the product
spaceof thevariabledomaings feasible;otherconstrainin-
ferencetechniquesvould be neededo determinehis, since
nofurthertighteningwill beobtainedby reasoningolelyon
theirbounds.

The certaintyclosurefor interval linear systemsandthe
hull inferencedescribedabove, have beenimplementedon
theECL'PS CLP system(IC- 2001)usingtheinterval com-
putationlibrary ic andthe commercialLP solver X PRESS-
M P. For problemsup to seseralhundredvariablesandcon-
straints, even a straightforward implementationgives the
boundsin afew seconds.

We areinvestigatingthe applicationof the certaintyclo-
sureto the network optimisationproblemintroducedearlier
Initial findingsshow promise.The currentapproachof data
correctionto theuncertainL.SCOhasbeencomplementeéh
threeareas:

e proving the correctnessr otherwiseof currentresults

¢ identifying deepinconsistenciedyeyondthe pointof data
correction,in theraw data

¢ understandinghe sourceof bottlenecksn the network

Thusinsightis gainedof the relationshipbetweenthe net-
work topologyandtraffic flow, leadingto robustquantitatie
resultsandimprovedglobalunderstanding.

Related Work

A problemwith uncertaindatais, in general,muchharder
thanthesameproblemwith certaindata,aswe mightexpect.
With alinearsystemfor instancethereexistsapolynomial
time algorithmfor certaindata,but evencheckinga possible
enclosurdor interval uncertaindatais NP-hard(Kreinovich
etal. 1998,Chapterd 1-12),andall methodgor thegeneral
problemareexponentialin theworstcase.

We have considerednterval linear systemsfrom a CP
viewpoint, asa casestudyof a non-probabilistiomethodol-
ogy for uncertainty Problemssimilar to ILS have beenex-
aminedfrom the viewpointsof mathematicaprogramming
andlinearalgebra.

Data uncertaintyin linear programminghas been ad-
dressedy Ben-Tal and Nemirovski (1999). They definea
‘robustcounterpart{RC)to anLP problem,andseektheso-
lution with the bestobjective thatsatisfiesall realisationsof
the constraints.Therearecloseparallelsbetweerthe ideas
of the robust counterpartand of the certaintyclosureof a
linearsystem.For ellipsoidaluncertaintywith boundedness
assumptionsthey useaninterior point methodto solve the
RC problemin polynomialtime. The uncertaintyin thecon-
straintsmustbeindependent.

The most generalmethodfor ‘interval linear program-
ming’ is thatof ChinneckandRamadar(2000). Usingfirst
atransformationthey find thebestandworstoptimumfor a
linear systemin which intervals may appearascoeficients
in the constraintsor the objectve. Wherethe variablesare
unrestrictedn signor whereequalityconstraintoccur, they
mustresortto anexponentialenumeratiorof cases.



Various authorshave proposedanalytic solutionsto re-
stricted casesof the ILS problem (see (Neumaier1990;
Ning & Kearfott1997)amongothers). The iterative meth-
odsthatusuallyresultrequirethe matrix A to besquareand
have certainpropertiesandthe solutionsetto be bounded.

A differentapproachfirst suggestedby Oettli (1965)in
an early paper is to find somecharacterisationf the solu-
tion setasa polytope,thenapply the simplex algorithm2n
timesto find the extreme points with respectto eachaxis
normal. This is the methodwe useabove to performinfer-
ence.Much later, Aberth (1997)extendedthis techniqueor
solutionsspanningmultiple orthants,althoughhis method
thereforecanbe exponentialin n.

Beaumont (1998) has suggestedan adaptedsimplex
methodto reducethe complexity. Givenaninitial enclosure
of thesolutionset,his methodproducesa refinedenclosure,
but thetightestboundsarenot necessarilyeachedIt would
be worthwhile to integratesomeof Beaumont technique,
suchasthe improved startingpoint for the simplex invoca-
tions,into ourinferencesolver for linearconstraints.

Chiu and Lee (1995) were concernedto improve the
handlingof linear equalitieswith interval variables(inter-
val datathey did not consider). By making incremental
preconditionedinterval Gauss—Seideiteration (Neumaier
1990),andintegratingit with asolverfor non-linearCLP(R)
constraints they performedthe domainreasoning. Their
methodcannothandleinequalities.

Theinferenceschemegiven contrastedvith methodsde-
velopedfor interval constraintiogic programming(see,for
example, (Benhamoul995)). In the latter, the domains
of the variablesare treatedas (usually real) intervals, and
interval-basedocal consisteng operatorapplied.Sincethe
certaintyclosureyieldsacertainconstrainproblem,if inter-
valsshouldbe usedasthe uncertaintysetthenit is possible
to exploit interval CLP methods,suchas boundspropaga-
tion (Marriott & Stuclkey 1998,Chapter3), for theinference
algorithm. However, thetight solutionsetis not guaranteed
and,further, interval narroving methodsperformbestin an-
sweringglobal questionsarisingfrom non-linearconstraint
systemqChiu & Lee1994;Benhamow2001).

Perspectivesand Futur e Dir ections

Work ondatauncertaintyin constrainpprogrammings fairly
new, despitethe reality of uncertaintyin mary real world
situations.Existing CP modelsdo not addresshis aspecbf
the problemwhena probabilisticframawork is not applica-
ble. The aim of the certaintyclosureapproachs to provide
robustsolutionsto uncertaindatain ill-defined LSCO prob-
lems,andour first resultsare promisingin termsof robust-
nessandefficiency.

Thecasestudypointsusto threeissuesn integrationwith
the paradigm. First, the methodintroducedmustbe made
incremental.Secondjt mustbeinterfacedwith solversfor
other constraints.Third, thereis the questionof optimisa-
tion: how doesuncertaintyaffect a constaint optimisation
problem (COP), and how can uncertaintyin an objective
functionbe handled?

Incrementalityof executionis importantfor solversin CP
(Marriott & Stucley 1998, Chapterl0). Subsequento the

initial system,it is commonto receve updatedor new in-
formationregardingthe uncertaindata, but it is inefficient
to recomputehe entireinferenceon eachoccasion.For the
caseof interval linear systemswe canthink in termsof the
additionof a new halfspacesquation,or correspondingha
potential'slicing-off’ of somepartof the corvex hull.

Oneof the strengthsof CPis the ability to handlemary
typesof constraint§non-lineay schedulingdisjunctive,and
so on), and problemsinvolving heterogeneousonstraints.
The secondareato explore in future work is to considera
wider classof constraintsn uncertainLSCO problemsand
considethow the certaintyclosureshouldbe formulated.

Thethird areais optimisation.If the decisioncriterionis
maximisationof afunctionf : V — R, say thensolvingthe
certaintyclosureasa COP givesa hardupperbound. The
problemis moredifficult if f containsuncertainty;herethe
definitionof p will needto beextended.

Therehasbeenlittle previous work on uncertainCOPs.
Sengupta,Pal and Chakraborty(2001) model vagueness
anduncertaintyin linearinequalitiesby usingintervals,and
presenaninterpretatiorof theconstraintdasednthepref-
erenceof thedecisionmaker. Usingthistotalinterval order
ing, they find oneprobleminstancewhich providesa satis-
factoryexactproblemandoptimiseit by meansof classical
LP techniquesThey have noguaranteef theefficacy of the
solution,nor of the bestor worstoptimum.

ChinneckandRamadar{2000),discusseearlier, find the
bestandworst optimum andthe datavalueswhich leadto
these.The bestoptimumsupposeshe mostfavourableval-
uesof thedata;theworst, like thecertaintyclosure theleast
favourable.Onceagain,rationality of the decisionmaler is
assumed.

Of thesethreeissues,it appearghat researchmay well
be bestfocussedn applyingthe certaintyclosureapproach
to wider classef constraintsso that the successesf CP
in solving heterogeneougeal world problemsmay be ex-
tended.
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