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Abstract—To mitigate the effects of time-varying fading, Pilot
Symbol Assisted Modulation (PSAM) has been introduced in [1],
through which the transmitter periodically inserts known symbols
or pilots in the data frame. The channel estimates obtained from
these pilots are then employed in the coherent demodulation of data
symbols. A novel PSAM scheme was introduced in [2] that adapts the
transmitter’s coded modulation strategy to the quality of the channel
estimate at the receiver without requiring any channel-feedback from
the latter. In our work, we study the performance of this non-feedback
adaptive PSAM scheme using clustering techniques. More precisely,
instead of using one pilot per data frame, we send a cluster of pilots
consecutively in the beginning of every data transmission interval.
The performance of this scheme is measured in terms of achievable
rates using binary signaling and modeling the fading process as a
Gauss-Markov process. We show through numerical computations
that our new strategy provides higher achievable rates at certain
levels of SNR and fading correlation, and we provide numerical
answers to how much training is “optimal” for the strategy.

Finally, we show how the methodology may be extended to high-
order Gauss-Markov fading models, with which pilot clustering is
expected to yield even higher benefits.

Keywords—Adaptive modulation, fading channels, Gauss-Markov,
Kalman filtering, pilot symbol assisted modulation, Rayleigh fading,
time-varying channels.

I. INTRODUCTION

Rapid fading is a central problem in digital mobile com-

munications that degrades the Bit Error Rate (BER) and

frequently introduces an error floor. To mitigate the effects of

fading, Pilot Symbol Assisted Modulation (PSAM) has been

introduced in [1], through which the transmitter periodically

inserts known symbols or pilots in the data sequence or data

frame. Channel estimates of the Channel State Information

(CSI) obtained from these pilots are then employed in the

coherent demodulation1 of the data symbols. The pilots are

multiplexed with data symbols at a constant ratio which is

considered as a design parameter. Guidelines for the choice of

this ratio was studied in [3].

Many modulation and coding techniques do not adapt to

fading conditions. These nonadaptive methods require a fixed

link margin to maintain acceptable performance when the

channel quality is poor. Therefore these systems are effectively

designed for the worst case channel conditions, resulting in

insufficient utilization of the full channel capacity.

1Coherent demodulation requires the extraction of a reliable phase reference
from the received signal.

Channel-adaptive PSAM is a promising technique to en-

hance spectral efficiency of wireless transmissions over fading

channels. In adaptive systems, a certain transmission parameter

such as constellation size, transmitted power, or code rate

is dynamically adjusted according to the channel quality.

This increases the average spectral efficiency without wasting

power or sacrificing error probability performance. It can

provide higher bit rates relative to conventional signaling by

transmitting at high rate under favorable channel conditions,

and reducing throughput as the channel condition degrades. It

is worth mentioning that such adaptive modulation and coding

schemes are used in wireless standards such as the Enhanced

Data GSM Evolution (EDGE).

Most of the adaptive schemes assume a parametrized

channel-feedback link (parameters such as delay) that supplies

the transmitter with the estimated channel side information [4],

[5]. One disadvantage a feeback channel might induce in

addition to the difficulty of realistic mathematical modeling,

is a practical constraint when the channel is changing faster

than it can be estimated and then fed back to the transmitter.

In [2], the authors improved PSAM schemes over Rayleigh

fading channels by adapting the coded modulation strategy at

the sender to the quality of the channel estimation (estimation

error variance) at the receiver, without requiring any channel

feedback. In our work, we study the performance of this non-

feedback adaptive PSAM scheme using clustering techniques.

Instead of the regularly spaced single pilot scheme adopted

in [2], we send a cluster of k pilots consecutively per data

transmission interval as shown in Figure 1. The performance

of our scheme is measured in terms of achievable rates using

binary signaling and modeling the fading process as a Gauss-

Markov process. Through numerical computations we find the

“optimal” duration of the training period.
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Fig. 1. Clustering Technique in PSAM



In scenarios where the fading process may be accurately

modeled through a high-order Gauss-Markov process, we

naturally expect the clustering of pilots to be even more

beneficial. While we do not present specific results in this

paper, we briefly present how the technique may be adjusted

to these higher order models.

Finally, while there has been significant progress on un-

derstanding the theoretical aspects of time-adaptation in the

previously-mentioned schemes, new challenges surface when

dynamic transmission techniques are employed in broad-

band wireless networks with multiple signaling dimensions.

Those additional dimensions are mainly frequency in mul-

ticarrier systems like Orthogonal Frequency-Division Mul-

tiplexing (OFDM), and space in Multiple-Input Multiple-

Output communication systems (MIMO). Therefore we need

adaptive schemes that integrate temporal, spatial, and spectral

components together, i.e., exploit the variation of the wireless

channel over time, frequency, and/or space [6], [7], [8]. In

future work, we will try to extend our adaptive scheme to

MIMO scenarios [9].

The organization of this paper is as follows: In Section II,

we present the fading channel model. In Section III we explain

the adaptive technique we use to transmit over the channel

as well as the receiver details. The measure of performance

is discussed in Section IV, and the numerical results are pre-

sented in Section V. In Section VI we show how the numerical

computations may be improved and how the methodology

may be extended to higher-order Gauss-Markov models. We

conclude our paper in Section VII and motivate future work

on the subject.

II. THE CHANNEL MODEL

Consider the single-user discrete-time model for the

Rayleigh fading channel,

Yi = RiXi + Ni,

where i is the time index, Xi ∈ C is the channel input at time

i, Yi ∈ C is its output, and Ri and Ni are independent complex

circular Gaussian2 random variables with mean zero and

variance σ2

R and σ2

N respectively. The amplitude of the fading

coefficient Ri is hence Rayleigh distributed and its phase is

uniform over [−π, π). To account for power constraints, the

input is subject to

E
[

|Xi|2
]

≤ P.

We assume that the fading process is a stationary first order

Gauss-Markov process, i.e.,

Ri = αRi−1 + Zi, (1)

where the samples {Zi} are Independent and Identically-

Distributed (IID) complex circular Gaussian with mean zero

2A complex Gaussian random variable is circular if and only if it is zero-
mean and its real and imaginary parts are independent with equal variances.

and variance equal to σ2

Z =
(

1 − α2
)

σ2

R such that α ∈ [0, 1)
in order to guarantee stationarity.

This channel model was adopted in [10], where a relation

between the parameter α and the coherence time was estab-

lished as

αTcW = φ,

where Tc is the coherence time, W is the transmission

bandwidth, and φ is the level of decorrelation. For bandwidths

in the 10 kHz range, and Doppler spreads in the order of 100

Hz, α will typically range between 0.9 and 0.99. For instance,

for a Doppler spread of 100 Hz, W = 104, and φ = 0.1, we
have α = 0.977.

III. THE ADAPTIVE TRANSMISSION SCHEME

Our transmitter employs multiple codebooks that are inter-

leaved with the data symbols being coded according to their

distance from the pilot symbols. Symbols that are far away

from the pilot symbols encounter poorer channel measure-

ments at the receiver and are therefore coded with lower rate

codes, while symbols that are close to the pilot symbols benefit

from recent channel measurements and are coded with higher

rate codes.

While the scheme is adaptive, note that the transmitter does

not use feedback to determine its policy but instead takes into

account the time-varying quality of the channel measurement

available at the receiver to modify this policy. The key idea is

that the transmitter adapts to the quality of channel estimation

(the resulting mean-square error specifically) rather than to

the quality of the channel. The need for information at the

transmitter, which is supplied by perfect feedback in some

schemes in the literature, is compensated by the information

acquired through the knowledge of the estimation strategy

adopted by the receiver. The need to know the channel state

is compensated by the knowledge of the statistics of the

estimation error, which can be computed offline.

The transmission model is as follows: at regular intervals,

the transmitter sends k successive, constant and known pilot

symbols whose purpose is to enable the estimation of the

channel at the receiver. The pilot symbols have energy equal

to the average energy constraint. This model is an extension

to the one adopted in [2], where a single pilot is transmitted

for estimation followed by m data symbols. In our modified

scheme (shown in Figure 2), k consecutive pilots are trans-

mitted in the beginning of every data frame.

At the receiver, the channel estimation is assumed to be

based only on the pilot symbols and no data-directed estima-

tion is used. For each time sample i, the receiver computes the

Minimum Mean-Square Estimate (MMSE) of the channel, the

quality of which depends on its position with respect to the

pilot symbols. After estimation, the channel, as seen by the

receiver, is composed of a specular part (the estimate) and a

zero-mean Gaussian distributed error. Therefore, the channel

seen by the receiver is a Rician channel in which the specular
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Fig. 2. Multiple Codebook Interleaving

part is given by the estimate and the Rayleigh component by

the estimation error.

Since we are primarily interested in the low Signal-to-Noise

Ratio (SNR) regime, we only consider binary signaling. The

motivation for this choice is multiple folds. First, in [11] the

authors prove that for discrete-time memoryless Rayleigh fad-

ing channels subject to average power constraints, the capacity

achieving distribution is discrete with a finite number of mass

points. Moreover, a binary distribution was found to be optimal

at low and moderate values of SNR [11], [12], [13]. Second,

for a memoryless Rician fading channel, Luo [14] established

a similar result that, combined with Gallager’s in [12], implies

that the binary input distribution is asymptotically optimal at

low SNR [14]. Consequently, we choose the alphabet of every

codebook to consist in general of two symbols:
{

m1 = a1 + jb1 with probability p1

m2 = a2 + jb2 with probability p2 = (1 − p1).
(2)

We change the rate of the codebooks by modifying the

probability distribution of the mass points instead of increasing

the power of the codeword, as we adopt a flat power allocation.

The numerical results in [2] indicate that the optimal mass

points always lie between the extremes of on-off keying

(optimal for the IID Rayleigh fading case) and the antipodal

signaling (optimal for a perfectly known channel). Hence the

optimal input distribution consists of two non zero masses,

the first of which is negative, located between −
√

P and zero,

while the second is positive and greater than
√

P . Furthermore,

since any rotational transformation of the two mass points

will not affect the mutual information [11], [14], we restrict

ourselves to input distributions with real mass points i.e.

m1,m2 ∈ R.

A. Channel Estimation at the Receiver

Given a pilot spacing interval of T and given that we will

use k pilots (1 ≤ k ≤ T −1) as shown in Figure 3, the output

of the channel during this interval is,

Yi =
√

PRi + Ni i = 0, . . . , k − 1.

We want to find the causal MMSE estimate

R̂j (Y0, . . . , Yk−1) of Rj for j = k, . . . , T − 1. Since

{Rj , Y0, . . . , Yk−1} are jointly Gaussian, the MMSE
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Fig. 3. Pilot Symbols and Channel Estimation

estimator is linear and is identical to the Linear Least-Square

Estimator (LLSE). We shall use a causal Kalman filter to

calculate the estimates R̂j and corresponding error variances

vj in a recursive and efficient manner.

Using the basic results for Kalman filters [15, sec. 13.4],

we have

qj =







√
Pσ2

Z + α2
√

Pvj−1

Pσ2

Z + α2Pvj−1 + σ2

N

0 ≤ j ≤ k − 1

0 k ≤ j ≤ T − 1

R̂j = αR̂j−1 + qj

(

Yj − α
√

PR̂j−1

)

vj =
(

α2vj−1 + σ2

Z

)

(

1 −
√

Pqj

)

, (3)

where qj is the innovation factor after each new observation.

We note that these factors and the estimation error vari-

ances (3) may be computed offline for all 0 ≤ j ≤ T − 1.
These computations may be performed by the encoder without

requiring feedback, and more importantly, they are actually

known at design time.

IV. ACHIEVABLE RATES

Since our system is coded, its performance may be mea-

sured through the rates that we can achieve. These rates

are readily obtained using information-theoretic tools. More

precisely, they are equal to the mutual information between

the input and the output.

Let S = {0, . . . , k − 1} and let {Ys}s∈S be the received

values during training. Due to interleaving, the mutual infor-

mation can be written as

I
(

Xk, . . . ,XT−1;Yk, . . . , YT−1| {Ys}s∈S

)

=
1

T

T−1
∑

i=k

I
(

Xi;Yi| {Ys}s∈S

)

=E{Ys}s∈S

[

1

T

T−1
∑

i=k

I (Xi;Yi|{ys}s∈S)

]

.

Given a sample {ys}s∈S we have,

Yi = RiXi + Ni =
(

R̂i + Γi

)

Xi + Ni, for k ≤ i ≤ T − 1,



where Γi is a zero-mean complex Gaussian error term that has

a variance vi. Therefore,

p
(

yi|xi, {ys}s∈S

)

= NC

(

R̂ixi, vi |xi|2 + σ2

N

)

=
1

π
(

vi |xi|2 + σ2

N

) exp






−

∣

∣

∣yi − R̂ixi

∣

∣

∣

2

vi |xi|2 + σ2

N






.

Using a binary input (2) with two mass points m1 and m2,

I
(

Xi;Yi| {ys}s∈S

)

=

∫

yi

[

p1 p
(

yi|m1, {ys}s∈S

)

ln
p

(

yi|m1, {ys}s∈S

)

p
(

yi| {ys}s∈S

)

+ p2 p
(

yi|m2, {ys}s∈S

)

ln
p

(

yi|m2, {ys}s∈S

)

p
(

yi| {ys}s∈S

)

]

dyi .

Finally, the mutual information can be expressed as

I (Xk, . . . ,XT−1;Yk, . . . , YT−1|{Ys}s∈S)

= E{Ys}s∈S

[

1

T

T−1
∑

i=k

I (Xi;Yi|{ys}s∈S)

]

=
1

T

T−1
∑

i=k

E
R̂i

[

I
(

Xi;Yi|R̂i

)]

, (4)

where now the expectation is over the random variable R̂i.

We note that R̂i is a linear combination of the observations

R̂i =

i−1
∑

m=0

βmYm = Ri − Γi ∼ NC(0, σ2

R − vi).

The ith term, E
R̂i

[

I
(

Xi;Yi|R̂i

)]

, in (4) depends on the

choice of corresponding binary probability distribution fully

characterized by the three parameters {m1,m2, p1}i. There-

fore the input distribution {m1,m2, p}i for all k ≤ i ≤ T − 1
is determined by solving the following optimization problem

1

T

T−1
∑

i=k

max
{m1, m2, p}i

E
R̂i

[

I
(

Xi;Yi|R̂i

)]

(5)

subject to E
[

|Xi|2
]

≤ P , for all k ≤ i ≤ T − 1.

V. NUMERICAL RESULTS

The numerical results confirm the observation previously

made. Namely, the achievable rate in (4) depends on the choice

of {m1,m2, p1}i which determines the input distribution of

the i-th symbol. As the symbol gets further away from the

pilots, the channel estimation quality is degraded and hence

the amount of information that may be sent over the channel

decreases. Therefore, as i increases, {m1,m2, p1}i shifts from

the antipodal distribution (optimal for a perfectly known

channel) with p1 ≃ p2 and migrates toward the other extreme

of on-off keying (optimal for the IID Rayleigh fading case)

with p1 much greater than p2.

Figures 4, 5, and 6 present the achievable rates (in nats per

channel use) of the strategy we follow for multiple lengths of

training periods. We study the performance of 1, 2, 3, 4, 5,

and 6 clustered pilot schemes and the comparison is done for

various values of SNR and α.

0 10 20 30 40 50 60
0

0.05

0.1

0.15

0.2

0.25

Interpilot Spacing T

A
c
h

ie
v
a

b
le

 R
a

te
s
 (

n
a

ts
/c

h
a

n
n

e
l 
u

s
e

)

Achievable Rates at SNR =0 dB & α =0.97

 

 

← Max. Rate for nP =2 & T =23

# of Pilots = 1

# of Pilots = 2

# of Pilots = 3

# of Pilots = 4

# of Pilots = 5

# of Pilots = 6

Fig. 4. Achievable Rates for SNR = 0dB and α = 0.97.

0 10 20 30 40 50 60
0

0.05

0.1

0.15

0.2

0.25

Interpilot Spacing T

A
c
h

ie
v
a

b
le

 R
a

te
s
 (

n
a

ts
/c

h
a

n
n

e
l 
u

s
e

)

Achievable Rates at SNR =0 dB & α =0.99

 

 

← Max. Rate for nP =3 & T =23

# of Pilots = 1

# of Pilots = 2

# of Pilots = 3

# of Pilots = 4

# of Pilots = 5

# of Pilots = 6

Fig. 5. Achievable Rates for SNR = 0dB and α = 0.99.

For an SNR of 0dB (Figures 4 and 5), there is a clear benefit

for pilot clustering. When α = 0.97 the optimal clustering is

that of two pilots, but the improvement over a single pilot

is minimal. Indeed, the plots indicate that one should forgo

training all together as the achievable rates are lower than

those without training (equal to those of the IID Rayleigh

fading channel). As α increases the optimal size of the training

window increases as indicated in Figure 5 where α = 0.99 and

a cluster of three pilots is optimal. This can be attributed to

the fact that at low SNR, when the correlation between fading
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coefficients is high, more training significantly improves the

channel side information quality.

At a higher value of SNR of 3dB and for α = 0.99, Figure 6
shows that the optimal number of pilots is three, indicating

again that clustering is beneficial.

Albeit not clear from the few plots presented here, the

authors note that as a general rule, longer training sequences

have higher efficiency as the correlation factor increases and

as the SNR decreases.

VI. IMPROVEMENTS & EXTENSIONS

A. Achievable Rates and MMSE Error Variance

The achievable rates’ expression in (5) is the normalized

sum of elementary “mutual information” quantities,

max
{m1, m2, p}i

E
R̂i

[

I
(

Xi;Yi|R̂i

)]

, (6)

where R̂i ∼ NC(0, σ2

R − vi). The quantity is a function of

the estimation error variance vi, and hence will be denoted by

Ik(vi) for a k-pilot clustering strategy.

For given values of α, SNR, inter-training period T and k-
pilot clustering strategy, we have T − k elementary mutual

information quantities each characterized by an estimation

error variance vj for j = k, . . . , T − 1. Let us denote this

set of values of vj for k-pilot clustering by VT = {vj , j =
k, . . . , T − 1}.
If we plot the variation of {VT1

, Ik1(VT1
)},

{VT2
, Ik2(VT2

)}, and {VT3
, Ik3(VT3

)} corresponding to

k1, k2, and k3-pilot clustering techniques with T1, T2, and

T3 pilot spacing intervals respectively, then according to (6)

the 3 curves should superimpose to form one global curve

{V = VT1
∪ VT2

∪ VT3
, I(V )}. This is illustrated in Fig. 7

for SNR = 0dB, α = 0.99 with 1, 2, and 3 pilot clustering

strategies and T1 = T2 = T3 = 60.
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Fig. 7. The Global Curve I(V ) for SNR = 0dB and α = 0.99.

For efficient computations of achievable rates in section (V),

we actually compute I(V ) for a fine grid of values V = {v <
σ2

R} and every candidate level of α and SNR. Then, for given

a specific k-pilot clustering strategy with VT ⊂ V , then the

curve Ik(VT ) can be easily extracted from the global curve

I(V ).
Inspecting the global curve {V , I(V )} can give us insight

about the efficiency of the clustering technique. For example,

we notice that for a fixed value of SNR, the channels with

higher degree of pilot clustering face low values of estimation

error variance v in the beginning compared to channels with

lower degree of clustering. However this gain margin in the

values of v between high and low degrees of clustering

shrinks significantly as SNR increases. This emphasizes the

fact that training in high SNR regimes is not as beneficial and

emphasizes our conclusion that clustering efficiency increases

at low SNR levels.

B. High-Order Markov Rayleigh Fading Channels

The previous analysis may be readily generalized to high-

order Markov Rayleigh channels. One may model the fading

as a complex Auto-Regressive (AR) process of order p that

can be generated via the time domain recursion,

Rl = −
p

∑

m=1

αmRl−m + Zl,

where the {Zl} are IID complex circular Gaussian with mean

zero and variance equal to σ2

Z . The AR model parameters

consist of the filter coefficients {α1, α2, . . . , αp} and σ2

z .

Determining these parameters may be achieved through

multiple techniques. For example, using Jakes’ model [16], the

normalized (unit variance) continuous-time auto-correlation

function of the fading process is given by

φRR(τ) = J0(2πfdτ),



where J0 is the zeroth-order Bessel function of the first kind

and fd is the maximum Doppler frequency in Hertz. For the

purposes of discrete-time simulation of this model [17], the

auto-correlation sequence becomes

φRR[l] = J0(2πfd Ts |l|),
where 1/Ts is the symbol rate. The relationship between

Jakes’ model (φRR[k]) and the AR parameters may be de-

termined by [18],

φRR[l] = −
p

∑

m=1

αmφRR[l − m], l ≥ 1

σ2

z = φRR[0] +

p
∑

m=1

αmφRR[−m].

The authors are currently studying the performance of

the proposed scheme for these higher-order Markov fading

models. We expect that increasing the order of training through

pilot clustering would be more suitable in these settings and

achieve higher rates.

VII. CONCLUSION

In this work, we studied achievable rates over time-varying

Rayleigh fading channels with memory and with imperfect

side information acquired from channel estimation. The study

of achievable rates of certain transmission schemes over these

channels rather than capacity is common in the literature since

tackling the capacity problem is infeasible.

We studied an adaptive non-feedback PSAM scheme where

a cluster of pilots is used for the purpose of channel estimation

at the receiver. Results show that a cluster (more than one)

of pilots is optimal for correlation levels corresponding to

Doppler frequency shifts of 100 Hz and bandwidths of 10

KHz. As the coherence time decreases, the optimal size of the

cluster decreases. On the other hand, clustering is especially

beneficial at low SNRs.

Extensions to this study are currently attempted on two

fronts:

1) Determine optimal clustering sizes for channels whose

Rayleigh fading is accurately modeled by an AR pro-

cess. We expect the benefits of clustering to be more

accentuated in these cases.

2) Adapt the scheme to the case of MIMO communications.
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