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This paper is the first of two, which together
describe and classify the various situations
that any complete study of interpolation con-
straints for a recursive subdivision surface
needs to consider. They do so in the form
of a systematic taxonomy of situations. Pre-
sented here are curve cases, which provide
good illustrations of principles which will be
used in both contexts; surfaces will be ad-
dressed in the second paper. Known results
are classified and open questions identified.
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1 Introduction

The scenario that we consider in these papers is
that a surface is defined by a collection of interpo-
lation constraints, either of points or of curves, such
curves being themselves subdivision curves char-
acterized by control polygons and possibly having
interpolation constraints. The interpolation points
and the vertices of the curve control polygons are
then joined to form the network of the desired topo-
logical structure, possibly with additional vertices
to help provide some geometric control in regions
sparsely provided with hard constraints (Nasri and
Sabin 2001). Some preprocessing may then be done
on this network to produce a new network which
can be interpreted by one of the standard recursive
division constructions. Alternatively the interpola-
tions may be taken into the subdivision process
dynamically.

The result of this is a surface of the required topo-
logical structure which can be controlled qualita-
tively in some regions and by hard interpolation
constraints in others. Although this procedure is
not yet complete in all details, specific interpo-
lation results fit into this framework. This paper
describes and classifies the known results relat-
ing to curves, while its sequel describes and clas-
sifies the known surface results, using the same
structures.

A recursive division surface, S, is basically defined
by a duple, (Py, R), where P, is an initial con-
figuration and R is a refinement procedure. The
configuration consists of a set of vertices, edges,
and faces. This is often referred to as a polyhe-
dron, even though the faces need not have copla-
nar vertices. The refinement procedure is a set of
rules applied to a configuration to generate another
with more vertices, edges and smaller faces than
the initial one. At each level, i, of the refinement
process, the polyhedron P;_; is taken as input to
the refinement R, which produces another poly-
hedron, P;, which may itself be taken as input to
the next refinement step and so on. If R satisfies
some conditions (Doo and Sabin 1978; Reif 1995;
Zorin and Schroder 2000), then at the limit the
sequence of polyhedra P; converges to a smooth
surface.

Similarly, a subdivision curve is defined by a se-
quence, Py, of vertices and edges (the polygon), and
arefinement procedure, R.

There are many alternative sets of rules, R. They
may typically be generated by using the knot in-
sertion procedure of some Box-spline. This in-
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duces a set of rules to be applied in the regu-
lar case. These rules take the form of coefficients
used to form the coordinates of the vertices of
P;, by taking linear combinations of the vertices
of P;,_;. These rules are then extended by defin-
ing appropriate linear combination coefficients to
cover the irregular situations of non-regular ver-
tices or faces. When the rules are produced in
this way, the limit surface typically consists of
polynomial or bipolynomial patches in regular re-
gions with infinite regresses around the singularities,
which do not increase in number as subdivision
proceeds.

The best known examples are the Doo—Sabin ex-
tension of the quadratic B-spline (Doo and Sabin
1978) and the Catmull-Clark extension of the cu-
bic B-spline (Catmull and Clark 1978). Although in
principle higher-order tensor-product B-splines can
be extended in this way, the templates involved are
larger, and therefore require many more cases of in-
teractions between irregularities to be considered in
the extension process.

The three-direction quartic box-spline was partially
extended by Loop (1994), and the four-direction
quadratic was examined (though not identified) by
Doo (1978) and found to be rather unsatisfactory. It
was later considered in more detail by Sabin (1986)
and by Peters and Reif (1997, 1998).

Recursive division procedures have been applied
by Peters (1993) and Loop (1994) within methods
which replace the infinite regresses around the
irregularities either by n-sided patches or by
n-sided combinations of 3- or 4-sided patches. In
these situations, one or two steps of the recur-
sive division construction are used to separate the
irregularities.

A final important class of constructions contains
the interpolatory constructions of Dyn et al. (1987,
1990), Dyn and Levin (1990), Dubuc and Deslau-
ries (1989), and Kobbelt (1996), which are designed
to have the property that every vertex lies on the
limit surface. We do not explore these in detail be-
cause they do not give bounded curvature, and be-
cause they apply only to the case where every vertex
is to be interpolated. Binary subdivision schemes
over irregular topology were also considered by
Warren (1995). The analysis of the subdivision sur-
faces at the extraordinary point was carried out by
Doo and Sabin (1978), Ball and Storry (1984), Reif
(1995, 1999), Zorin and Schroder (2000), and the
C* case was considered by Prautzsch (1995). Sub-

division schemes were recently modified to satisfy
various interpolation constraints such as creases, ver-
tices, normals, and curves by Nasri (1987, 1991,
1997a,c, 1998), Hoppe et al. (1994), Schweitzer
(1996), Levin (1999a,b), and Biermann et al. (2000).
Non-uniform subdivision schemes also emerged, as
in Gregory and Qu (1996), Habib (1996), and Seder-
berg (1998).

This paper focuses on interpolation constraints in
the curve case, both because these are important
in their own right as part of the overall proce-
dure, and because ideas can be introduced in this
simpler context which will also be found use-
ful in the surface context. It is described for the
quadratic and the cubic contexts, but most of the
principles applied are equally applicable to other
schemes. The paper is divided as follows: Section 2
introduces some notation that classifies various
types of points used in the interpolation and sub-
division processes. In Sect. 3, five basic methods
are established to handle a number of interpola-
tion constraints. The remaining sections discuss
how to possibly achieve each of these interpola-
tion constraints using one or more of the five pro-
posed methods. Namely, the closed case is dis-
cussed in Sect. 4, the open case in Sect. 5, the
forced interpolation of an original interior vertex
in Sect. 6, the same constraint with C! in Sect. 7,
and the interpolation of point and tangent direc-
tion in Sect. 8. Finally Sect. 9 draws conclusions
and outlines the open questions still requiring future
work.

2 Notation

We base our descriptions on the simplest quadratic
and cubic subdivisions, since there are exact ana-
logues for the higher orders which do not need de-
tailed elaboration.

The first recursive subdivision algorithm was due to
de Rham (1947), but this early work was forgotten
until it was discovered some time after a lot of de-
velopment had been stimulated by Chaikin’s (1974)
work. Chaikin’s algorithm creates a new edge, called
an E-edge in each old edge, whose vertices are at
the 1/4 and 3/4 points of the old edge. It then cre-
ates a new edge, called a V-edge for each old ver-
tex, joining the near vertices of the two new E-edges
whose old edges met that old vertex (see Fig.1).
The new vertices, P;[j], at iteration i are given in
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Fig. 1. Chaikin’s algorithm: two V-edges and one E-edge are shown. Original vertices are shown in hollow circles
Fig. 2. Cubic algorithm: two V-vertices and three E-vertices are shown. Original vertices are shown in hollow circles

Table 1. Methods applied in various situa-
tions. An asterisk means that the method is

applicable

Method A  Method B Method C Method D Method E
Situation 1
Situation 2 * * * *
Situation 3 * *
Situation 4 * *
*

Situation 5

terms of the level i —1 by the following matrix
notation':

Pi[2j—1] 13007 [PLj—1]
Pipl2j] | _ 110310 Pjli] 0
Pi2j+11| 40130 |PLj+11]|"
Piil2j+2] 0031 [Plj+2]

The limit curve is made up of pieces, each a parabola,
defined by the locations of three consecutive control
points.

It was soon recognized (Forrest 1974; Riesenfeld
1975) that Chaikin’s algorithm was a special case of
knot insertion in the quadratic B-spline, and corre-
sponding algorithms for all orders of B-spline were
soon developed. The cubic algorithm creates for
every old edge a new vertex, called an E-vertex,
at its midpoint, and for every old vertex it creates
an E-vertex. The new vertices, P;[j], at iteration i

' Note that the matrix actually shown in (1) and (2) are just
parts of much larger matrices. The columns are all the same but
shifted by 2 from column to column, and consist of values taken
from a row of the Pascal triangle.

are given in terms of the level i —1 by a simi-
lar equation to (1) with the following matrix (See

Fig.2):

4400

111610

gl0440|" &
0161

3 Recursive subdivision curves

This section identifies various curve situations and
interpolation methods to provide a reference basis
for our taxonomy. The situations are

1. The closed loop.

2. End-constraints for an open curve.

3. Interpolation of a single point maintaining only
C? continuity.

4. Interpolation of a single point maintaining only
C! continuity.

5. Interpolation of a single point matching a given
tangent vector there.
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Fig. 3. Closed loop constraint. Top: quadratic;
bottom: cubic

Methods which can be applied to these situations are

A. Truncation.

B. Polygon modification.

C. Subdivision modification.

D. Multiple vertices.

E. Modification after the first iteration.

Not all methods apply in every situation. The appli-
cability is summarized in Table 1, and the details are
elaborated in the following sections.

4 Closed curves

The simplest curve case, without constraint, is that
of the closed curve. Recursive division then oper-
ates uniformly, applying the same rule everywhere,
giving at the limit a curve which typically interpo-
lates none of the specified vertices but which has
a global shape echoing that of the polygon. This
is the base situation, where there are no complica-
tions, and we include it as the starting point (see
Fig.3).

5 Open curves

Unless the original polygon is very short, the two
ends of an open curve may be treated independently,
each end being considered on its own.

Normally we find it convenient to locate positively
the end of the curve being defined, typically by re-
quiring that the curve interpolates the end point of
the given polygon. This can be achieved by each of
our methods.

The methods are described in the following subsec-
tions, including the application of the standard re-
finement rules, which does not achieve interpolation
of the ends (see Figs. 4, 5 and 6).

5.1 Method A: Truncation

The default case, if no other action is defined, is for
only those vertices and spans which are defined by
the standard rules to be generated. For instance, in
the Chaikin case, the first span fails to generate a new
edge from the old vertex at the end of the control
polygon. As a result, the subdivision process con-
tinually shortens the polygon, the final limit curve
reaching its end point at the midpoint of the first
edge.

The original polygon can be sufficiently short: Only
two vertices and only one edge in the quadratic case,
or only three vertices and two spans in the cubic case.
In the quadratic case, the limit curve reduces to just
the single midpoint, whereas in the cubic case, the
limit curve reaches its end at the limit point corre-
sponding to the first internal vertex of the original

polygon.

5.2 Method B: Polygon modification

This can be mapped into the case of Method A by
modifying the polygon before applying the corre-
sponding algorithm, and most of the interpolation
constraints to be considered here are viewed in terms
of modifying the given polygon to achieve the re-
quired interpolation.
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Fig.4. Polygon modification method: Top
left: natural constraints; fop right: quadratic
end; bottom left: not-a-knot; bottom right:
O—  Bézier end-constraint

In the quadratic case, the end point is moved to a new
position such that its original position is at the mid-
point of the end edge. The linear constraint giving
this is

2A=A"+B,
and so A’ is determined by
A'=2A—-B,

where A" and B’ are the new vertices.
In the cubic case, vertices are generally moved by
taking linear combinations in a way related to the lin-
ear combinations of the knot-inserted basis functions
in the original basis functions. There are a number of
variants that can be used (see Fig. 4):

e Adding a new vertex, Z', at 2A — B gives the
natural® end:

A=A, (3)

Z =2A—B. @)

2 Natural is the term given to this constraint in the cubic inter-

polating spline, and it is characterized by having a zero second
derivative at the end.

e Modifying the position of A and adding another
point Z' as follows gives the quadratic end:

, 6A42B—C

=—: (5)
. 18A—15B+4C

= = . (6)

e Modifying the position of A and adding another
point Z’ as follows gives the not-a-knot end:

_6A+5B—4C+D

' 2 ) @)
6A—TB+4C—D
7 = ; . (8)

e Modifying the position of A and B as follows
gives the equivalent of the Bézier end-constraint:

, 3B-C
==,
A'=C+6(A-B).

9
(10)

Once these changes are made, the standard subdivi-
sion can be applied at all subdivision steps. Note that
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Fig.5. Open curve (Chaikin case). From top to bottom:
Method C, subdivision modification; Method D, multiple vertices

Method A, truncation; Method B, polygon modification;

this does not deal satisfactorily with the case where
the original polygon has only one edge.

5.3 Method C: Subdivision modification

The second option is to modify the construction in
the end span, so that the new edge corresponding to

the first old edge runs from the end-point to the mid-
point of the first old edge. Again the end vertex does
not get a corresponding new edge.

In the quadratic case, the result of this construc-
tion has the end of the limit curve at the origi-
nal first polygon vertex, and so this may be re-
garded as the first interpolation constraint. The cor-
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responding matrix applied to the first (and last) three
points is:

A 40007TA

B’ 112200 |B

c|T4lo0310]]|C an

In the cubic case, several constructions can achieve
this result, each satisfying different curvature con-
straints at the end. The first is just to add a new vertex
at the given end-point and is given by

2/ 80000 2

o 44000/,

yl=zte100l| ] (12)
04400

This method has the advantage of easy coding and
is widely used, but has the disadvantage that the cur-
vature at the end converges to zero as subdivision
proceeds. This is analogous to the (most unnatural)
“natural” interpolating spline.

A more useful construction may be given by the
subdivision of a spline with pseudo-Bézier end con-
straints. This has the following matrix:

AT 160 0 0 07 [TAT
B’ 8 80 00||B
C’ 0124 00]|]cC
D|~|lo31120||D a3)
E' 008 8O0||E
] Lo o 2122]|F]

Note that this treats the second control point as
a slope control point, and so there is no knot
there. This means that the number of new ver-
tices after a subdivision step is slightly smaller than
would be expected. The not-a-knot and quadratic
end constraints give rise to matrices with negative
terms, thus losing the variation-diminishing prop-
erty. It is therefore probably more useful to mod-
ify the polygon and use the standard subdivision
cases.

The single edge constraint can be handled by using
the following special matrix:

s1=lols)

(14)

5.4 Method D: Multiple vertices

This approach, of just superimposing sufficient ver-
tices at the end, so that the truncation constraint lands
up with the end of the curve at the right place, is ap-
plicable to all curve methods, but it is not particularly
satisfactory. It leaves the curve with zero derivatives
at the end, with the first span straight (demonstrating
higher-order versions of I'Hopital’s rule).

Again, the curve of a single-edge case is the edge it-
self.

5.5 Method E: Modlification after the first
iteration

The simple technique of just moving the end vertex
after each iteration to the required interpolation po-
sition is not recommended for quadratics, because
it gives a non-polynomial end span with zero end
curvature. For cubics, it is equivalent to the first alter-
native under Sect. 5.3.

6 Forced CY interpolation of an
original interior vertex

The original polygon defines the sequence of the re-
quired limit curve, and in places away from the ver-
tex to be interpolated, it also defines the shape in the
standard way. However, near the interpolated vertex,
V, the position of the vertex defines a point through
which the curve has to pass, and the original mapping
from polygon to limit curve is overridden.

If we require only C? interpolation and wish the in-
terpolation to cause a deviation of the limit curve as
small as possible, we may regard the vertex V to be
interpolated as an end point as seen from both sides
(see Figs. 7 and 8).

6.1 Method A: Truncation

This case is not relevant, since V must definitely be
interpolated here.

6.2 Method B: Polygon modification

Regarding the vertex V to be interpolated as the com-
mon end-point of two halves of the curve breaks the
curve at this point. The breaks must be rejoined at
the end of the generation of the limit curve, which is
somewhat artificial.

This case retains the convex hull properties.
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Fig.7. CY vertex interpolation (quadratic case). Top: Method B; middle: Method C; bottom: Method D
Fig. 8. C° vertex interpolation (cubic case). Top: Method C; bottom: Method D
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6.3 Method C: Subdivision modification

Regarding the vertex V to be interpolated as an end-
point as in Sect. 5.3 with a modified construction rule
gives what we want for the quadratic subdivision,
but with the additional rule that no edge is generated
from the old vertex V. This is given by the follow-
ing matrix (here 7" is the subdivided vertex of 7', and
soon):

T’ 130007[T
v| | |o2200]|U
vi=-loo4o00]||Vv (15)
wl “*looz220]||w
X' 00031]]x

The matrix for cubic subdivision which is equiv-
alent to using the Bézier end-constraint on each
side is

- 2113 0 0 0 0[S
T’ 041200 00||7
v| ,|oossoool|u
vi=—loo o160 00||V]. a6
wl %looosg8oo||lw
X' 00001240]||x
|y | 0000 3112]Y]

The fact that the middle of this is the same as the
quadratic case is an interesting coincidence.

Note that again fewer new edges are issued than is
usual.

6.4 Method D: Multiple vertices

This method is just as unsatisfactory for achiev-
ing internal interpolation as for matching end-
points because of the zero-length tangent there and
because of the straight spans resulting from the
multiplicity.

6.5 Method E: Modification after the first
iteration

In the cubic case it is possible to force interpolation
merely by moving the logically nearest point to the
required interpolation position after every iteration.
This is not recommended because it gives zero cur-
vature on both sides of the link.

7 Forced C! interpolation of an
original interior vertex

Here the limit curve is pulled to pass through an orig-
inal vertex but smoothness is maintained. The inter-
polated point is not an end-point but a normal point
on the curve. The curve can take different shapes
as long as the C! constraint is satisfied. To achieve
this, the interpolated vertex must, at some stage in the
subdivision, either become the midpoint of an edge
of the polygon defining the curve or else become the
limiting position of a vertex, depending on whether
the degree is even or odd. This can be done in the
following ways (see Fig. 9):

7.1 Method A: Truncation

This case is again not applicable.

7.2 Method B: Polygon modification

The simple procedure to achieve the somewhat com-
plex objective is to create a modified polygon by
moving the vertex originally at the interpolation
point. It goes to such a position that the midpoint
of the V-edge replacing that vertex at the first sub-
division, or the vertex limit, lies at the interpolation
position, thus ensuring the required interpolation.
The linear constraint for the quadratic Chaikin is (B
is the point to interpolate)

8B=6B"+A+C, (17
and so B’ may be computed by

8B—A-C
B = 8B-4-0), (18)

6 b
there are corresponding rules for higher-order con-
structions, derived from the equation which links a

point on the curve to a minimal collection of control
points. For example, in the cubic case we have

(6B—A—-C)
—

If interpolation points are isolated, each perturbation
may be computed independently. If, however, two or
more consecutive vertices are to be interpolated, the
linear system consisting of the equations each must
satisfy is coupled, and must be solved as a whole. For
example, if only two consecutive vertices are to be

B' = (19)
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Fig. 9. C! vertex interpolation. Top: Method B, case of one vertex; middle: Method B, case of two vertices; bottom:
Methods C and E

interpolated we have, in the Chaikin quadratic case,
the following linear equations (see Fig. 8):

8B=6B'"+A+C (20)
8C=6C"+B'+D, (21)
so that we need to solve the linear system

61][B 8B—A

[1 6] [c] - [8C— D} ' @2)

In the limit we have an interpolating spline. The lin-
ear system is always constrained well enough for an

iterative scheme to function well, but the matrix is
highly diagonal (tridiagonal in the quadratic and cu-
bic cases), and so a direct solution will be just as fast.
Adding C! interpolation constraints loses the vari-
ation-diminishing convex hull properties of the limit
curve.

7.3 Method C: Subdivision modification

Different subdivision rules are applied to the spans
sharing the interpolated vertex. In the quadratic case,
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Fig. 10. Vertex interpolation of point and tangent direction by modification of the first iteration (Method E)

for instance, if the spans AB and BC are common
to the vertex to be interpolated, B, then their corre-
sponding subdivided edges, A’B’ and B”C’, are such
that B is the midpoint of B’B”. Instead of taking a
span, we take a sequence of 3 points, A, B, and C,
where B is to be interpolated, and replace them by 4
points, A’, B’, B”, and C’ given by

A 17 8 —1

A
Bl 1|3 24-3
B'|=23|-324 3 [2} 23)
C 18 17

If a span has no vertex to be interpolated, then it is
divided in the usual way.

In the cubic case, if at each iteration the vertex to be
interpolated is C in the sequence ABCDE, the sub-
division becomes

Al 423 6 —10]TA
B Lo 1224 —a0]||B
Cl=—1]00 320 0||cC (24)
Dl 32|0o-424 120]|]|D
E' 0-16 23 4||E

If interpolation points are isolated, the new points
can be computed easily. However, things become
complicated if two or more consecutive vertices are
to be interpolated.

In fact, this modified process is applied only at the
first subdivision, because with the even-order con-
structions there is no vertex which becomes the one
to be interpolated after that first subdivision. Odd-
order constructions, however, do have a natural de-
scendant of the vertex to be interpolated, and it is
therefore possible to use a matrix which contains a
unit row, so that that point remains invariant during

the subdivision. In the case when all vertices are to be
interpolated, we find this reducing to the approach of
Dynetal. (1987).

7.4 Method D: Multiple vertices

This is not applicable to C' interpolation.

7.5 Method E: Modification after first
iteration

It is also possible to perform the first iteration, and
then modify the new vertices adjacent to the interpo-
lation point. This obviously gives a narrower pertur-
bation to the curve, with shorter wavelength effects.
It does allow each interpolation point to be handled
independently, avoiding the need to solve the linear
system. For instance, using Chaikin’s subdivision,
some transformations can be applied to the V-edges
(edges generated from the vertices in the subdivi-
sion process), to put the interpolated vertices at their
midpoints. A V-edge, E F, depending on three initial
control vertices, A, B and C, is transformed into an-
other edge, E'F’, as follows:

E]=[8 2]

It should be mentioned that the subdivision matrix
can be combined with this transformation matrix to
generate points at the proper positions and put the
original vertices at the midpoints of the new V-edges
(Nasri 1997b). In short, the new rules consist of tak-
ing every triplet, (A, B, C), of three consecutive ver-
tices and generating a V-edge, E’ F'. In the cubic case

(25)
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this is even simpler, essentially being just the appli-
cation of Method B above after the first iteration,
thus moving just a single point.

8 Interpolation of point and tangent
direction

Methods A and D cannot be used to interpolate tan-
gent direction. For example, Method D results in
zero tangent. In general, Method C consists of using
at the first iteration subdivision coefficients differ-
ent from those used in the subsequent subdivisions.
The new coefficients should introduce in the first
subdivided polygon an edge collinear with the given
tangent direction. Method E can be applied to in-
terpolate both position and a direction at one of the
polygon points as follows: In Chaikin’s example, the
V-edges are subject to a sequence of transformations
which first interpolate the vertex and then force the
direction of the V-edge to coincide with that of the
one given. The transformation matrix involved here
naturally depends on the direction of the tangent. Ba-
sically, the matrix in Sect. 7.5 is concatenated with
a matrix that projects the edge E'F’ in the direc-
tion of the tangent, giving E” F”. The best direction
of projection is yet to be determined (see Fig. 10).
The same technique, of carrying out one or more
steps of refinement and then modifying the polygon,
can in principle be used to control higher derivatives
of the curve, at least up to the order of the curve.
Thus pointwise second could be controlled for the
quadratic, and second or even third derivatives for
the cubic. Since the curve does not have continuity of
the highest derivative thus specifiable, it is not obvi-
ous that this is really useful, but the mechanism for it
does exist.

9 Conclusion

In this paper we have described various interpolation
situations for curves, and identified five methods for
dealing with them. While these methods are clearly
linked, they involve different implementations, and
by using them software may be built which will en-
able a designer to define an appropriate control poly-
gon which converges to a curve satisfying the re-
quired constraints.
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